We review a Soft Collinear Effective Theory approach to the study of factorization and resummation of QCD effects in top-quark pair production. In particular, we consider differential cross sections such as the top-quark pair invariant mass distribution and the top-quark transverse momentum and rapidity distributions. Furthermore, we focus our attention on the large invariant mass and large transverse momentum kinematic regions, characteristic of boosted top quarks. We discuss the factorization of the differential cross section in the double soft gluon emission and small top-quark mass limit, both in Pair Invariant Mass (PIM) and One Particle Inclusive (1PI) kinematics. The factorization formulas can be employed in order to implement the simultaneous resummation of soft emission and small mass effects up to next-to-next-to-leading logarithmic accuracy. The results are also used to construct improved next-to-next-to-leading order approximations for the differential cross sections.
Introduction
Scattering processes at hadron colliders typically involve a hierarchy of scales, often exhibit complicated kinematics, and present soft and collinear singularities which lead to Sudakov double logarithms. Consequently, precise theoretical predictions for several observables can be obtained only after resummation of large logarithmic corrections. For these reasons Soft-Collinear Effective Theory (SCET) is an ideal tool for the study of these processes. The general idea is to separate the various scales that are present in the process which one wants to study. In order to achieve this goal, one works in kinematic regions of the phase space known to give rise to numerically large contributions to the observable of interest. Effective field theory methods are employed in order to factor the cross section into the convolution of a number of quantities each one of which is characterized by a single physical scale. Each element in the factorization formula can be evaluated in perturbation theory at its characteristic scale, where its perturbative expansion is free from large logarithms. Subsequently, the scale invariance of the cross section is employed in order to derive Renormalization Group Equations (RGEs) satisfied by the various elements in the factorization formula. The RGEs can then be used to run all of the elements to a common factorization scale, so that logarithmic corrections depending on large scale ratios are resummed in the evolution factors. This approach has the advantage of trading the calculation of quantities depending on several scales with the more manageable calculation of objects depending on a single physical scale. A classic example of the procedure outlined above is represented by the calculation of the Drell-Yan cross section carried out in [1] ; in that work, SCET methods were employed in order to resum soft gluon emission corrections up to next-to-next-to-next-to-leading logarithmic accuracy.
The study of processes with colored particles in the final state is technically more complicated because some of the objects in the factorization formula are matrices in color space. However, due to the relevance of top-quark studies in the physics program of the Tevatron and the LHC, SCET methods were extensively employed in the study of top-quark pair production. Three different singular limits of the partonic cross section for this process were considered. The first of these is the production threshold limitŝ → 4m 2 t , where √ŝ is the partonic center of mass energy and m t is the top-quark mass. The production threshold limit is employed in order to calculate the total top-quark pair-production cross section [2, 3, 4] . The soft emission limit in Pair Invariant Mass kinematics (PIM), needed for the calculation of the pair invariant-mass distribution, was considered [5, 6] . Finally, the soft limit in One Particle Inclusive (1PI) kinematics, which is employed to calculate the the top (or antitop) transverse momentum and rapidity distributions, was analyzed in the SCET framework in [7] . In all cases the resummation was carried out in momentum space up to nextto-next-to-leading (NNLL) accuracy. The hard scattering kernels obtained in PIM and 1PI kinematics in [6, 7] were recently combined with semi-leptonic decays of top quarks in a fully differential parton level Monte Carlo which allows for the study of IR safe observables constructed from momenta of top-quark decay products [8] . Furthermore, the top-pair transverse momentum distribution at hadron colliders was resummed up to NNLL accuracy in [9, 10] . This last observable is sensitive to small transverse momenta and its analysis in SCET involves a collinear anomaly of the kind encountered in the study of the Drell-Yan process at small vector boson transverse momentum [11] . The methods and results obtained for top-pair production can be straightforwardly adapted to the calculation of the pair production of other colored massive particles, such as top squarks [12, 13] , or gluinos and squarks of the first two generations [14, 15] .
Here we review recent work dealing with the production of energetic top quarks pairs, i.e. top quarks with an energy which is much larger than their mass. This kinematic region is particularly sensitive to new physics, since many beyond the Standard Model scenarios predict the presence of new particles which decay into energetic top quarks. The characteristic signal of the existence of these particles would be the presence of bumps or more subtle distortions in the high invariant mass region and/or high transverse momentum region of the respective differential distributions. Furthermore, boosted top quarks introduce a new level in the scale hierarchy: In this kinematic region,ŝ is much larger than m 2 t . It must be observed that the results in [6, 7] were instead obtained under the assumption thatŝ ∼ m 2 t . The study of the factorization of the top quark pair production cross section in PIM kinematics in the double soft emission and small top quark mass limit was initiated in [16] . The results obtained there, complemented with the NNLO soft function for the production of massless quarks [17] , were employed in order to derive an improved soft plus virtual NNLO approximation to the top pair invariant mass distribution [18] . The factorization of the top pair production cross section was studied in 1PI kinematics in [19] . The purpose of this proceeding is to review the findings of [16, 17, 18, 19] .
2 Top pair production in the soft limit
We start by summarizing the findings of [6, 7] . We are interested in the partonic process
where p i , p j indicate the initial state partons, X indicates the additional final state radiation of total momentum k. The partonic cross section receives large contributions from the kinematic region in which the final state radiation is soft. The proximity to the soft region can be parameterized by means a soft variable which vanishes in the soft limit. In the study of soft gluon emission corrections to the total pair production cross section, the soft variable is chosen to be equal to the top quark velocity at the production threshold:
In the soft limit, β → 0. This limit forces the produced top pair to be almost at rest. In order to calculate the top-pair invariant mass distribution, it is necessary to work in the framework of Pair Invariant Mass (PIM) kinematics, where the soft limit is regulated by the parameter z; if one indicates the invariant mass with M , in the soft limit one finds
The calculation of the top-quark transverse momentum or rapidity distribution requires the use of One Particle Inclusive (1PI) kinematics. In this case the relevant parameter is
The soft limits in PIM and 1PI kinematics do not constrain the velocity of the produced top and antitop quarks. Furthermore, predictions for the total cross section can be obtained in PIM and 1PI kinematics by integrating the differential distributions. When working in the soft limit, one finds a clear hierarchy among the physical scales involved in the process:
QCD . It is known that in this limit the partonic cross section receives contribution exclusively from the two production channels which are already open at the tree level (quark-annihilation and gluon fusion channel). Furthermore, the partonic cross section factors into a product of a hard and a soft function; using the notation of [6, 7] one finds schematically
where θ is the top quark scattering angle and the Mandelstam invariant are defined ast
The hard function H (m) and soft function S (m) are matrices in color space. The superscript (m) is a reminder that the functions are calculated at m t = 0. The hard functions receive contributions only from virtual corrections and are identical for PIM and 1PI kinematics. The soft functions receive contributions from soft gluon emission diagrams and are different in the two kinematic schemes. In Eq. (4) we suppressed the subscript ij ∈ {qq, gg} indicating the channel. The factorization achieves the separation of the hard and soft scales. If one sets the scale µ in the hard and soft functions equal to the scale that characterizes the hard process and the soft gluon emission, respectively, both functions are free from large logarithms and can be evaluated in perturbation theory. The calculation of the hard function and the soft function is simpler than the calculation of the full cross section. The hadronic cross section, obtained taking the convolution of the partonic cross section with the PDFs, is independent from the scale µ. One can exploit this fact in order to obtain Renormalization Group Equations (RGEs) satisfied by the hard functions and soft functions. It is then possible to solve these RGEs in order to run the functions to a common factorization scale down (or up) from the scale at which they could be reliably calculated in perturbation theory. This process amounts to resumming large logarithmic corrections which depend on the ratio of hard and soft scales. In [6, 7] all of the elements necessary in order to carry out the resummation in PIM and 1PI kinematics up to NNLL accuracy were derived. In particular, this required the calculation of the hard and soft functions up to NLO. Alternatively, one can employ the NLO hard and soft functions in combination with their RGEs to obtain an approximate NNLO partonic cross section. The NNLO partonic cross section has the general form
where λ ∈ [1 − z, s 4 ] depending on the kinematics, P n indicate the plus distributions [ln n (1 − z)/(1 − z)] + and [ln n (s 4 )/s 4 ] + in PIM and 1PI kinematics, respectively, and the cofactors D i (i = 0, · · · , 3) and C 0 are functions of the top mass and of the Mandelstam invariants. The remainders R are functions which are nonsingular in the soft limit. The approximate NNLO formulas derived in [5, 6, 7] include the exact analytic expression of all of the coefficients D i and the scale dependent terms in C 0 .
Accurate predictions of the partonic cross section in the soft limit allow one to obtain reliable predictions for the hadronic cross section even if the convolution integral of PDFs and partonic cross section samples kinematics regions in which the soft emission approximation is not valid. This is due to the steep fall-off of the PDFs away from the soft region, a phenomenon which goes under the name of Dynamical Threshold Enhancement [1, 20] . Numerical studies reported in [5, 6, 7] showed that this effect takes place in top quark pair production. As shown in [21] and [22] , if one compares theoretical predictions for the differential distributions at NLO+NNLL with data one finds good agreement in both shape and normalization.
Factorization for boosted top pairs in PIM kinematics
In PIM kinematics, if one considers the situations in which the energy of the top quarks is much larger than their mass, it is necessary to study the factorization of the cross section when, on top of the soft-emission limit hierarchy discussed before, one also assumesŝ, M 2 ≫ m 2 t . The corresponding factorization formula, derived in [16] , provides the framework for the simultaneous resummation of soft gluon emission corrections and of large logarithms of the ratio m t /M . The factorization of the pair invariant mass distribution for boosted top quarks was obtained by weaving together known results for the factorization in either the small mass or the soft limit in a unified description encompassing both. In particular, building upon the results of [23] , it was shown that, for m t ≪ M , the partonic cross section factors into the convolution of the cross section for massless quark production, and a convolution of perturbative fragmentation functions for each of the heavy quarks. Given the factorized cross section in the small mass limit, it was then straightforward to add an additional layer for the soft limit in the component parts. In fact, the massless partonic cross section in the soft limit factors into hard and soft functions, as it can be proven by means of the same methods described in [6] for the massive case. Furthermore, the fragmentation function can be factorized into a product of collinear and soft collinear functions by using the results of [24, 25, 26, 27, 28] . The technical aspects of the derivation of the factorization formula are discussed in detail in [16] ; here we simply report the final result. The differential distribution in M and θ is
where √ s is the hadronic center of mass energy, τ = M 2 /s, β t = 1 − 4m 2 t /M 2 and ff ij indicates the partonic luminosity in the ij channel. The Laplace transformc ij of the hard scattering kernels C ij in the double soft and small mass limit factors into a product of functions as follows
In Eq. (7), N = N e γE is the Laplace variable, H is the hard function for the production of massless quarks, s is the corresponding Laplace transformed PIM soft function, while C D and S D are the collinear and soft-collinear components of the fragmentation function, respectively. Finally, the matching coefficients c ij t , proportional to the number of heavy (i.e. top) flavors n h = 1, account for the fact that partonic luminosities and fragmentation functions are calculated by considering n l = 5 active flavors, while H ands are calculated in a theory with n l + n h active flavors. The arguments cos θ inc,t 1 in H ands, and µ in all functions have been suppressed in Eq. (7). A resummed cross section appropriate for the both the soft emission and small mass limit can then be obtained by solving the RGEs for the different component functions separately. The anomalous dimensions appearing in the RGEs are known to an order which is sufficient to implement the resummation of both soft and mass logarithms to NNLL accuracy.
While in order to carry out NNLL resummation one needs to know the factors in Eq. (7) to NLO only, all of these elements are known up to NNLO. In particular, the perturbative fragmentation function was calculated up to NNLO in [29] and the NNLO soft functions were evaluated in [17] . Very recently, the NNLO hard functions for all of the 2 → 2 processes in massless QCD were evaluated in [30] , although the information needed in what follows was at first obtained in a different way (see [18] and references therein). With these elements it is then possible to assemble a complete soft plus virtual approximation to the NNLO cross section [18] , valid in the double soft emission and small mass limit. This means that one can obtain the coefficients D i and C 0 in Eq. (5) up to very small terms suppressed by positive powers of m t /M . This does not add anything to the knowledge of the coefficients D i , whose exact m t dependence was already derived in [5, 6] starting from the NNLL resummation formula in the soft limit only. Nevertheless, the agreement between the results of [18] and the m t → 0 limit of the coefficients D i found in [5, 6] represents a stringent test on the factorization scheme of [16] . Furthermore, one can obtain useful information on the coefficient C 0 , which has the following schematic structure
indeed, the coefficients C 0,i were completely determined in [18] . By combining the D i exact in m t and the m t → 0 limit of C 0 , one obtains an improved approximate NNLO formula for the pair invariant mass distribution which is more complete than the approximate NNLO result obtained in [5, 6] . The phenomenological impact of these improved approximate NNLO corrections was studied in [18] . It was found that the new NNLO approximation produces moderate enhancements of the differential cross section when compared with the results of [5, 6] . It is interesting to compare the total cross section obtained by integrating the approximate NNLO formulas of [5, 6] , (which we will refer to as NNLO approx. PIM), the cross section obtained by integrating the approximate NNLO formulas of [18] (indicated by NNLO approx. C), and the exact NNLO corrections to the total cross section, which were evaluated in [31] . Predictions based upon NNLO approx. PIM are smaller than exact NNLO calculations both at the Tevatron and at the LHC. Predictions based upon NNLO approx. C are still smaller than the exact result but the additional terms included in the delta function coefficient help to bridge the gap between the exact NNLO result and NNLO approx. PIM calculations. In particular, the range of values determined by varying the factorization/renormalization scale in NNLO approx. C has a sizable overlap with the corresponding uncertainty range in the complete NNLO result. These conclusions can be drawn by looking at Table 5 , in [18] .
In [18] the NNLO approx. C results for the pair invariant mass distribution cross section were compared with results including NNLL resummation [6] . It was possible to conclude that at relatively low values of the invariant mass, where the cross section is large, resummation is only a small effect and fixed-order perturbation theory is sufficient. However, for larger values of the invariant mass NNLL corrections are quite large and provide a further enhancement of the cross section; for example, at LHC with a center of mass energy of 7 TeV, at M = 3 TeV NNLO corrections are roughly of the same size as NLO ones, while NNLL resummation corrections are even larger. In that kinematic region fixed-order perturbation theory breaks down, and the resummation of soft gluon emission effects is necessary.
Factorization for boosted top pairs in 1PI kinematics
The study of the double soft emission and small mass limit in 1PI kinematics was carried out in [19] . The relevant scale hierarchy is assumed to beŝ ≫ s 4 ≫ Λ 2 QCD andŝ ≫ m 2 t . In this case, it is convenient to start the study of the double limit from the factorized form of the partonic cross section in the soft emission limit, Eq. (4). One can then consider the m t → 0 limit of the function H (m) and S (m) . In the small mass limit the H (m) factors into the product of the hard function for the production of massless top-quarks, H, and a function encoding all of the m t dependence which is related to collinear divergences in the small mass limit, C D . Both of these elements are already found in the PIM factorization formula, Eq. (7). On the other hand, the small mass factorization of S (m) is very different from the PIM case. The massive soft function factors into the product of three component functions, related to soft radiation collinear to the top quark, soft radiation collinear to the unobserved antitop quark, and wide-angle soft emission, respectively. In [19] , the three functions were defined at the operatorial level in terms of Wilson loops. The wide-angle soft emission is associated with a Wilson loop built out of four light-like Wilson lines and involving a delta function constraint dictated by 1PI kinematics. Soft radiation collinear to the top quark is associated with a Wilson loop defining the soft part of the heavy quark fragmentation function, which is the object defined in [23] . Finally, soft radiation collinear to the antitop quark is associated to the Wilson loop defining the heavy-quark jet function introduced in [32] . The double differential cross section in 1PI kinematics reads dσ dp T dy = 16πp T 3s
where p T and y represent the top-quark transverse momentum and rapidity while the extrema of the integration over the energy fractions x 1 , x 2 can be found in [19] . The factored form of the Laplace transformed 1PI hard scattering coefficients C ij is
(10) The argumentst 1 ,û 1 (which should be included in the functionc),t 1 /ŝ (in the functions H ands), and µ (which should be present in all functions) are not explicitly written in Eq. (10) . The color space matrixs describes wide-angle emission,s D is connected to emission collinear to the top-quark and it is the same as in the PIM factorization formula, whiles B is connected to emission collinear to the antitop quark. NNLO virtual corrections involving a closed heavy-quark loop are neglected in Eq. (10) .
As for the PIM case, the factorization formula can be employed either to resum soft and small-mass logarithms in the differential partonic cross section by solving the RGEs for the five component functions mentioned above, or to derive improved approximate NNLO formulas for the top-quark transverse momentum or rapidity distributions. Out of the five component functions in Eq. (10), four were calculated to NNLO before the work on [19] ; besides for the functions already present in the PIM factorization formula,s B is easily derived from the results in [33] up to NNLO. The 1PI soft function for the production of massless quarks was calculated to NNLO in [19] . As for the case of PIM kinematics, with these ingredients at hand it was possible to assemble an almost complete soft plus virtual approximation to the NNLO p T and rapidity distribution [19] , which goes beyond the approximate NNLO calculations based solely on soft gluon emission factorization carried out in [7] . A full phenomenological analysis of the improved approximate NNLO formulas for the pair invariant mass and transverse momentum distributions, as well as a complete numerical analysis of the simultaneous resummation of soft emission and small mass logarithms up to NNLL accuracy, was postponed to future work.
